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Introduction
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Small Area (Domain)

Ref: Ghosh (2020, SiT Special issue)
https://sit.stat.gov.pl/SiT/SpecialIssue/August%

202020/SIT Special%20Issue Vol%2021 No 4%20PRINT.pdf

A subpopulation of interest with meager or no survey data.

Examples:

In the National Socioeconomic Characterization Survey
(CASEN), conducted by the Chilean government, there are
many municipalities (comunas) with small samples or no
sample.
In the National Health and Nutrition Examination Survey
(NHANES), a majority of US states do not have sample.
In a nationwide survey, some cells obtained by
cross-classification of age-group, race, gender even at the
national level may not have any sample.

Other terms used: local area, sub-domain, small subgroup,
subprovince, minor domains.

https://sit.stat.gov.pl/SiT/SpecialIssue/August%202020/SIT_Special%20Issue_Vol%2021_No_4%20PRINT.pdf
https://sit.stat.gov.pl/SiT/SpecialIssue/August%202020/SIT_Special%20Issue_Vol%2021_No_4%20PRINT.pdf
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A classification of domains

Planned domains: These are domains for which separate
samples have been planned, designed, and selected.

Example: States are planned domains if states are treated as
design strata.

Unplanned domains: These domains have not been
distinguished in the sample selection.

Example: Age can be considered unplanned domains if
samples are obtained from a frame that does not have any
information on age.
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Demand of small-area statistics

Small area estimation has been of interest for a long time,
especially among demographers to estimate small area
population counts and other characteristics of interest in the
post-censal years.

Small-area statistics were used as early as 11th century
England and 17th century Canada. In those days, census,
special surveys or administrative records were used to obtain
small-area statistics.

There is an increasing demand for diverse, rich and current
statistics for small domains for the planning of reform, welfare
and administration in many fields and allocation of federal
funds to local governments.
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Sustainable Development Goals (SDG)

UN-SDG WEB Banner
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State sample sizes with an epsem sample of 10,000 persons

State 1994 Population Expected sample size
(in thousands)

California 31,431 1,207
Texas 18,378 706

New York 18,169 698
. . .
. . .
. . .

Vermont 580 22
DC 570 22

Wyoming 476 18

Total 260,341 10,000
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Simulation from the Australian Beef Farm Data

Finite population: N = 431 farms with 50 or more beef cattles
that participated in the 1988 Australian Agricultural and
Grazing Industries Survey carried out by the Australian
Bureau of Agricultural and Resource Economics.

y : income from beef (y).

Simulate R = 1, 000 independent SRS samples, each of of size
n, from the finite population. Consider n = 10, 50.

Sample means (Horvitz-Thompson or HT estimates), ratio
estimates and their associated variance estimates from several
simulated samples are displayed in the box plots and
compared with the corresponding true values.

Sample means and the associated variance estimates, though
unbiased, exhibit high variability for n = 10. Variability
decreases as we increase n.
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Figure 1: Box Plots of HT and ratio estimates of mean and associated
variance estimates
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Figure: Time Series Plots of direct poverty rate estimates for selected
Comunas
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Figure: Direct poverty rate direct estimates and the associated 95%
direct confidence intervals for all comunas in CASEN 2009 (sorted by the
direct variance estimates)
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Alternative data sources
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A few examples

Administrative data

Satellite data

Scanner data

Sensor data

GPS data

Social media data

Personal data (e.g. data from tracking devices)
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Examples of administrative data

IRS data

SNAP data

Insurance enrollment and claims data (e.g. Medicare,
Medicaid, BC/BS)

Hospital discharge data (billing data)
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Satellite Data

Zakzeski, A., National Agricultural Statistics Service
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Small Area Modeling &
Methods
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Synthetic Method
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Example 1: Radio Listening Survey

Ref: Hansen et al. (1953, pp 483-486)

Estimate the median number of radio stations heard during the day
for over 500 counties of the USA (small areas).

Two different survey data used:

Mail Survey

large sample (1000 families/county) from an incomplete list
frame

response rate was low (about 20%)

estimates xi are biased due to non-response and incomplete
coverage
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Personal Interview Survey

Smaller sample size

Sample design:

The 500 counties were stratified into 85 primary strata based
on geographical region and the type of radio service available.

One county was selected from each of these 85 strata with
probability proportional to the estimated number of families in
the county.

A subsample of area segments was selected from each sampled
county and the families within the selected area segments were
interviewed.
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Nonresponse and coverage error properties were better than
the mail survey.

Reliable estimates yi for the 85 sampled counties were
available, but no estimate can be produced for the remaining
415 counties.

Using (yi , xi ) for the 85 sampled counties, the following fitted
line was obtained:

ŷi = 0.52 + 0.74xi .

Use yi for the 85 sampled counties and ŷi for the rest.
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Figure: Comparison of median numbers of stations heard during the day
as estimated from mail and interview surveys in selected primary
sampling units.
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Micro-simulation
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Ref: Elbers et al. (2003)

xj : vector of known auxiliary variables for the jth unit of the
finite population, j ∈ U.

Sample: (yj , xj), j ∈ s.

Fit the following simple linear regression model

yj = xTj β + εj , j ∈ s.

Let the fitted values and the residuals be:

ŷj = xTj β̂ + εj , j ∈ s,

where β̂ is the ordinary least squares estimator of β.

Generate the micro-simulation census file using

y∗j = ŷj + e∗j , j ∈ U,

where {e∗j } are generated from {ej , j ∈ s} by SRSWR (URS).
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Repeat the process B times independently to obtain B
micro-simulation census files

{y∗bj , b = 1, · · · ,B; j ∈ U}

The estimator of Ȳi is given by:

Ȳ ∗i = B−1
B∑

b=1

Ȳ ∗bi ,

where Ȳ ∗bi = N−1i

∑
j∈Ui

y∗bj .

The MSE is estimated by:

mse(Ȳ ∗i ) =
1

B − 1

B∑
b=1

(
Ȳ ∗bi − Ȳ ∗i

)2
.
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EB and HB for an area level model
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Area Level Modeling

Ref: Fay and Heriot (1979 JASA) For i = 1, · · · ,m, consider the
following Bayesian model

Level 1: (Sampling Distribution): yi |θi ∼ N(θi , ψi );

Level 2: (Prior Distribution): θi ∼ N(x ′iβ,A)

where

m : number of small area;

yi : direct survey estimate of θi ;

θi : true mean for area i ;

xi : p × 1 vector of known auxiliary variables;

ψi : known sampling variance of the direct estimate;

The p × 1 vector of regression coefficients β and model
variance A are unknown.
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Bayes Estimator of θi

Inferences based on the posterior distribution of θi :

θi |y ;β,A
ind∼ N(θ̂Bi , σ

2
i (A)),

where

θ̂Bi = (1− Bi )yi + Bix
′
iβ

Bi = ψi
A+ψi

σ2i (A) = (1− Bi )ψi
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Emiprical Bayes (EB) Estimator of θi

Treat the hyperparameters β and A fixed and estimate them
by consistent estimators (e.g., ANOVA, ML, REML, adjusted
ML).

Substituting the hyperparameters by their respective
estimators in the Bayes estimator of θi , one obtains an
empirical Bayes (EB) estimator, say θ̂EBi of θi .

An empirical Bayes estimator of θi can be also motivated from
the classical prediction approach in a linear mixed model.
Note that we can also write the Bayesian model as:

yi = θi + ei = x ′iβ + vi + ei , i = 1, · · · ,m,

where the random effects {vi , i = 1, · · · ,m} and the errors
{ei , i = 1, · · · ,m} are independent with vi ∼ N(0,A), and
ei ∼ N(0, ψi ).
The best predictor of θi is identical to the Bayes estimator of
θi and hence an empirical Bayes estimator of θi can be also
called an empirical best (EB) predictor of θi .
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Mean Square Error Estimation

BLUP (or EBP when A is known):

θ̂i (yi ,A) = (1− Bi )yi + Bix
′
i β̂(A),

where β̂(A) is WLS of β.
By the Kackar-Harville identity (Kackar and Harville JASA 1984),
we have

MSE{θ̂i (yi ; Â)} = g1i (A) + g2i (A) + G3i (A), (1)

where

g1i (A) =
Aψi

A + ψi
= (1− Bi )ψi ,

g2i (A) =
ψ2
i

(A + ψi )2
x ′i

 m∑
j=1

1

A + ψj
xjx
′
j

−1 xi ,
G3i (A) = E{θ̂i (yi ; Â)− θ̂i (yi ;A)}2,

where g1i (A) + g2i (A) is MSE of the BLUP and G3i (A) is the
additional uncertainty due to the estimation of A.
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A näıve MSE estimator is obtained by estimating the MSE of
BLUP and is given by:

mseNi = g1i (Â) + g2i (Â).

Note that Bias(mseNi ) = O(m−1), under the standard regularity
conditions.
Prasad and Rao (JASA 1990) proposed the following MSE
estimator when A is estimated by their method of moments:

msePRi = g1i (Â) + g2i (Â) + 2g3i (Â),

where

g3i (Â) =
2ψ2

i

m2(Â + ψi )3

m∑
j=1

(Â + ψj)
2.

Under the same regularity conditions, the bias of msePRi is of the
order o(m−1). For general results, see Datta and Lahiri (Statistica
Sinica 2000), Das et al. (AS 2004).
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For the Fay-Herriot model, the jackknife MSE estimator, proposed
by Jiang, Lahiri and Wan (AS 2002), reduces to:

mseJLWi = g1i (Â)− m − 1

m

m∑
u=1

{
g1i (Â−u)− g1i (Â)

}
+
m − 1

m

m∑
u=1

{
θ̃i (yi ; Â−u)− θ̂i (yi ; Â)

}2
,

where Â−u is obtained from Â after deleting the uth small area
data and

θ̃i (yi ; Â−u) =
ψi

Â−u + ψi

x ′i β̂−u +
Â−u

Â−u + ψi

yi ,

β̂−u =

∑
j 6=u

ψj

Â−u + ψj

xjx
′
j

−1∑
j 6=u

ψj

Â−u + ψj

xjyj .
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Butar and Lahiri (2003) proposed the following parametric
bootstrap MSE estimator:

mseBL
i

= g1i (Â) + g2i (Â)− E?
[
g1i (Â

?) + g2i (Â
?)− {g1i (Â) + g2i (Â)}

]
+E?

{
θ̂i (yi ; Â

?)− θ̂i (yi ; Â)
}2
,

where Â? is a estimate of A based on the parametric bootstrap
sample and E? is the expectation with respect to the parametric
bootstrap model. In practice, the bootstrap expectations are
approximated by the Monte Carlo method.
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One can propose the following simple parametric bootstrap MSE
estimator:

msebooti = E?

[
θ̂i (yi ; Â

?)− θ?i
]2
,

where θ̂i (yi ; Â
?) is the EBLUP of θi based on the parametric

bootstrap sample and θ?i is generated by level 2 of the parametric
bootstrap model. The order of bias of the estimator msebooti is,
however, O(m−1).

Some more recent papers: Yoshimori and Lahiri (JMVA 2014,
AS 2014), Hirose and Lahiri (AS 2018, JASA 2020).
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Hierarchical Bayes (HB) Estimator of θi

Put priors, possibly non-informative flat priors, on the
hyperparameters β and A.

The inference is based on the posterior distribution of the
target parameter.

Point estimate of θi : E (θi |y) = E [E (θi |y ;β,A)|y ]

Measure of uncertainty of the point estimate:

V (θi |y) = E [V (θi |y ;β,A)|y ] + V [E (θi |y ;β,A)|y ] .

The credible interval of θi is obtained using the posterior
distribution of θi .

For this simple model, the HB method can be implemented
using on-dimensional numerical integration. For more complex
model, The Monte Carlo Markov Chain is used.
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EB and HB for an unit level model



36/44

28 

Dependent  Independent 
Y X 

Enumerated 
JAS Segments 

CDL Classified 
Acres 

Soybeans 227 273 
Wheat 337 541 

REGRESSION 
VARIABLES: 

Zakzeski, A., National Agricultural Statistics Service
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An Example

Ref: Battese, Harter and Fuller (1988 JASA)
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Fig 2: Plot of Corn Hectares versus Corn Pixels by County 
 

 
 
This plot also reflects the strong relationship between the 
reported hectares of corn and the number of pixels of corn 
for counties separately. But the slopes and/or intercepts 
seem differ by county. 
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Estimation of average hectares of corn for counties

Each county was divided into area segments. A segment is a
primary sampling unit. Segments are about 250 hectares.

yij : the number of hectares of corn in the jth segment of the
ith county as reported by the farm operators in the June
Enumerative Survey.

x ′ij = (1, x1ij , x2ij), where x1ij (x2ij) is the number of pixels
(”picture elements”) classified as corn (soybean) in the jth
segment of the ith county. A pixel is about 0.45 hectares.
This auxiliary data is available not only for the sampled
segments but also for all segments in each counties.

X̄ ′ = (1, X̄1i , X̄2i ), where X̄1i (X̄2i ) is the mean number of
pixels per segment classified as corn (soybeans) for county i .
This is the total number of pixels classified as corn divided by
the number of pixels in that county.
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Estimation of average hectares of corn for counties

BHF considered estimation of average hectares of corn and
soybeans for 12 counties in North-Central based on the 1978
June Enumerative Survey and satellite data.

yij : hectarage of corn for the jth segment of the i county
(i = 1, · · · ,m; j = 1, · · · ,Ni )

We are interested in estimating the average hectares of corn
for county i (i = 1, · · · ,m):

Ȳi = N−1i

Ni∑
j=1

yij .

For some SAE problems, we are interested in making
inferences about

θi = N−1i

Ni∑
j=1

g(yij),

where g(·) is some known function.
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Nested Error Regression Model

For i = 1, · · · ,m; j = 1, · · · ,Ni

yij = x ′ijβ + vi + eij ,

where xij is a p × 1 column vector of known auxiliary variables;β is
a p × 1 column vector of unknown regression coefficients; {vi} and

{eij} are all independent with vi
iid∼ N(0, σ2v ) and eij

iid∼ N(0, σ2e )
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BP/Bayes, EB and HB

Let yi = (yi ,s , yi ,ns) with yi ,s and yi ,ns denoting the sampled and
non-sampled parts, respectively. We assume a hierarchical model
for yi , i = 1, · · · ,m (e.g., nested error model on yij or in a
logarithmic scale). Then the Bayes/BP of θi for the general case
can be approximated as follows:

Step 1: Obtain L ”census” files as y∗i ;l = (yi ,s , y
∗
i ,ns), (l = 1, . . . , L),

where y∗i ,ns is generated from the conditional distribution of yi ,ns
given yi ,s with known hyperparameters.

Step 2: Bayes/BP of θi is approximated by L−1
∑L

l=1 g(y∗i ;l).
To obtain, EB or HB change step 1. For EB, y∗i ,ns is generated
from the conditional distribution of yi ,ns given yi ,s with estimated
hyperparameters. For HB. y∗i ,ns is generated from the conditional
distribution of yi ,ns given yi ,s under some prior assumptions on the
hyperparameters.
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Poverty Mapping

With the choice g(yij) =
(
z−yij
z

)α
I (yij < z), we obtain a class of

SGT poverty measures (Foster, Greer and Thornbecke, 1984):

Fαi (yi ) =
1

Ni

Ni∑
j=1

(
z − yij

z

)α
I (yij < z),

where

I (yij < z) =

{
1 if yij < z ,
0 otherwise,

where α is a measure of the sensitivity of the index to poverty.
In the above, y is a welfare variable (income, expenditure, etc.) of
interest. For U.S. it is household income in the Small Area Income
and Poverty Estimates (SAIPE) program. In the above, z denotes
threshold under(s) which a unit is under poverty. In the U.S.
SAIPE program, different thresholds are used depending on the
household composition.
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Poverty Incidence, Poverty Gap, Poverty Severity

Poverty Incidence (α = 0):

Fαi (yi ) =
1

Ni

Ni∑
j=1

I (yij < z)

Poverty Gap (α = 1):

Fαi (yi ) =
1

Ni

Ni∑
j=1

(
z − yij

z

)
I (yij < z)

Poverty Severity (α = 2):

Fαi (yi ) =
1

Ni

Ni∑
j=1

(
z − yij

z

)2

I (yij < z)


